Using a focused laser beam we stir a Bose-Einstein condensate confined in a magnetic trap. When the stirring frequency lies near the transverse quadrupolar mode resonance we observe the nucleation of vortices. When several vortices are nucleated, they arrange themselves in regular Abrikosov arrays, and in the limit of large quantum number the lattice structure is shown to produce a quantum velocity field approaching that for classical, rigid body rotation. Using a percussive excitation of the condensate, we measure the angular momentum of the condensate with vortices present and study the nucleation band as a function of the stirring intensity and geometry. We find that with only quadratic terms in the rotating perturbation the nucleation band is located around the quadrupolar resonance and has a width that increases with the strength of the stirring perturbation. However, when the potential includes cubic terms, the nucleation band broadens to include the hexapolar resonance as well. The results presented here demonstrate that the nucleation of vortices in the case of a harmonically trapped BEC is driven by the resonant excitation of the rotating quadrupolar mode, or by higher order rotating surface modes when the rotating perturbation includes the corresponding terms.
Introduction
Superfluidity, originally discovered and studied in the context of superconductors and later in the system of superfluid liquid Helium, is a hallmark property of interacting quantum fluids and encompasses a whole class of fundamental phenomena [1, 2] . With the achievement of Bose-Einstein condensation (BEC) in laser-precooled atomic gases [3, 4, 5, 6] , it became possible to study these phenomena in an extremely dilute quantum fluid, thus helping to bridge the gap between theoretical studies, only tractable in dilute systems, and experiments.
One striking consequence of superfluidity is the response of a quantum fluid to a rotating perturbation. In contrast to a normal fluid, which at thermal equilibrium will rotate like a solid body with the perturbation, a superfluid will not circulate unless the frequency of the perturbation is larger than some critical frequency, analogous to the critical velocity [1] . Moreover, when the superfluid does circulate, it can only do so by forming vortices in which the condensate density vanishes and for which the velocity field flow evalutated around a closed contour is quantized. Due to their mutual repulsion these vortices can cristallize into a regular lattice known in condensed matter as an Abrikosov lattice [7] .
The observation of superfluid phenomena in a dilute BEC has been the subject of much experimental and theoretical work during the last two years. A first class of study has been performed at MIT and consists in measuring the energy deposited in the condensate by a moving "object" (a hole created by a repulsive laser) [8] . The second class of study is based on specific oscillation patterns of the condensate, in particular the scissors mode. This was studied theoretically by D. Guéry-Odelin and S. Stringari [9] and investigated experimentally by the Oxford group [10] . Finally another clue for superfluidity is related to the behavior of vortices. Using a "phase printing method", the Boulder group has created a vortex in a double component condensate with one component standing still at the center of a magnetic trap and the other component in quantized rotation around the first one [11] . In subsequent experiments this group also succeeded in emptying the core of the double component vortex [12] , and showed that vortex rings can form as decay products of a dark soliton [13] .
In our work in Paris, we have studied the response of a trapped, single component condensate to a rotating perturbation created by a stirring laser beam. When the stirring frequency lies near the transverse quadrupolar mode resonance we observe the nucleation of vortices [14] . We also find that multiple vortices can be nucleated and that they spontaneously arrange themselves into regular Abrikosov lattices containing up to 14 vortices for our experimental condition [15] . A similar observation has been made quite recently at MIT with a larger sodium condensate, in which large arrays of vortices (up to 150) have been nucleated [16] .
We observe that in accordance with the correspondence principle, the large quantum number limit yields a quantum velocity field that approaches that for classical, rigid body rotation. Using a percussive excitation of the condensate, we measure the angular momentum of the condensate with vortices present and study the nucleation band as a function of the stirring intensity and geometry [17] . We find that with only quadratic terms in the rotating perturbation the nucleation band is located at the quadrupolar resonance and has a width that depends on the strength of the stirring perturbation. However, when the potential includes cubic terms, the nucleation band broadens to include the hexapolar resonance as well. The results presented here demonstrate that the nucleation of vortices in the case of a harmonically trapped BEC is driven by the resonant excitation of the rotating quadrupolar mode, or by higher order rotating surface modes when the rotating perturbation includes the corresponding terms.
Our experiment is a direct transposition to atomic gases of the famous "rotating bucket experiment" performed with liquid helium. In § 2 we briefly recall some essential results obtained with this experimental scheme for superfluid He. We then turn in § 3 to the description of our experimental setup. The observation of single and multiple vortices is presented in § 4 where we also discuss the lattice structure. Finally, in § 5 we discuss the measurement of the angular momentum of the condensate as a function of the stirring intensity and geometry.
The rotating bucket experiment
Consider a superfluid placed in a bucket rotating at angular frequency Ω ( fig. 1 ).
If Ω is smaller than a critical value Ω c , the superfluid will not circulate, which is is a direct manifestation of superfluidity. The existence of this critical angular frequency is analogous to that of a critical linear flow velocity below which the condensate exhibits viscous free behaviour. Here the slow motion of the rough walls of the bucket does not rotate the superfluid. As shown by Landau, superfluidity is a direct consequence of repulsive interactions which gives rise to a phonon-like dispersion relation for the lowest lying excitations [1] .
When Ω is increased beyond the critical frequency Ω c the superfluid is set into motion. As pointed out by Onsager [18] and Feynman [19] the corresponding velocity field is subject to very strong constraints due to its quantum nature.
Consider the macroscopic wave function ψ(r) describing the state of the superfluid. It can be written:
where ρ(r) is the superfluid density. The corresponding velocity field is given by:
where M is the mass of one atom. From Eq. (2) it is clear that the circulation of the velocity along any closed contour is quantized as a multiple of h/M:
Just above Ω c , the superfluid wave function has a singular line or vortex line, along which the density is zero. On any closed path going around this line the phase of the wave function varies continuously from 0 to 2π. It is worth emphazing that these vortices are universal structures associated with a circulating quantum flow. Besides superfluid liquid helium, other large quantum systems such as neutron stars and superconductors support quantized vortices. In the latter case the rotation vector is induced by an applied magnetic field which modifies the motion of the charges, and the quantization of the circulation of the velocity field results in magnetic flux quantization.
For a rotating frequency Ω notably larger than Ω c , several vortex lines can be generated, and they form a regular triangular lattice. Such regular lattices were orginally predicted to occur in type-II superconductors by Abrikosov [7] and were subsequently observed experimentally by imaging with an electron microscope small ferromagnetic particles which when scattered on the surface of a superconductor in a magnetic field accumulate at the flux line exit points [20, 21] . Evidence of vortex lattice arrangements in liquid helium was demonstrated by trapping electrons at the core of each vortex and then accelerating the electrons along the vortex lines to a phosphorus screen [22] .
The experimental setup
Our experiment is performed with a 87 Rb gaseous condensate ( fig. 2 ) confined in an Ioffe-Pritchard magnetic trap. The magnetic trap is an axisymmetric harmonic potential:
with a transverse frequency ω ⊥ /2π varying from 90 to 225 Hz and an axial frequency ω z /2π between 10 Hz and 12 Hz. The condensate is cigar-shaped, with a length of ∼ 110 µm and a diameter of 7 µm for 2 × 10 5 atoms and a trapping frequency of 170 Hz.
The stirring of the condensate is provided by a focused 500 µW laser beam of wavelength 852 nm and waist w 0 = 20 µm, whose motion is controlled using acousto-optic deflectors. This laser propagates along the axis of the cigar, and it toggles back and forth very rapidly between two symmetric positions 8 µm from the center of the condensate. The toggling frequency is chosen to be 100 kHz which is much larger than both ω z and ω ⊥ . It creates for the atoms an average dipole potential which is anisotropic in the xy plane ( fig. 2 ). This potential contains only even terms because of symmetry and the leading order term is:
where ǫ X and ǫ Y depend on the intensity, waist, and the spacing of the stirring beams. Using the acousto-optic deflectors, the XY axes are rotated at an angular frequency Ω producing a rotating harmonic trap characterized by the three trap frequencies ω
we can write the total potential in the rotating and in the lab frame as:
where we have set
This potential is stationary in the rotating frame (eq. (7)) and oscillates periodically at frequency 2Ω in the laboratory frame (eq. (8)). The stirring frequency Ω is usually chosen in the interval (0, ω ⊥ ). At the upper value of this interval, the centrifugal force equals the transverse restoring force of the trap. A dynamical instability of the center of mass motion of the condensate occurs when Ω lies
The steepness of this parametric resonance provides a very accurate measurement of the trap frequencies ω X and ω Y . The experimental procedure begins with the loading of 10 8 87 Rb atoms into a magneto-optic trap from a cold atomic jet produced by a separate magnetooptic trap loading from a room temperature vapor [23] . We then precool the atoms to 10 µK in an optical molasses and transfer them into the magnetic trap. The generation of a condensate in the pure magnetic potential is provided by a radio-frequency (rf) evaporation ramp lasting 25 s. The atomic cloud reaches the critical temperature T c ∼ 500 nK with an atom number of ∼ 2.5 10
6 . The evaporation is continued below T c to a temperature of or below 100 nK at which point 3 (±0.7) 10 5 atoms are left in the condensate. The rf frequency is then set 20 kHz above ν min rf , the rf frequency which corresponds to the bottom of the magnetic potential. This rf drive is kept present in order to hold the temperature approximately constant. At this point, the stirring laser is switched on and the condensate is allowed to evolve in the combined magnetic and optical potential for a controlled duration. Finally, the stirring potential is extinguished adiabatically (in a time long compared to ω −1 ⊥ ) and the condensate density profile along the stirring axis is measured to detect the presence of vortices.
We now address the question of the vortex visibility. In a fluid of density ρ, the radius of the vortex core is determined by the healing length ξ = (8πρa) −1/2 , where a is the scattering length characterizing the two-body interactions in the ultra-low temperature regime [1] . For our experimental conditions, ξ ∼ 0.2 µm, which is too small to be observed optically with resonant light at 780 nm. Fortunately this size can be expanded using a time-of-flight technique [24, 25, 26] . When we release the atomic cloud from the magnetic trap and let it expand for a duration T , the transverse dimensions of the condensate and of the vortex core are increased by a factor of (1 + ω 
Single and multiple vortices
We now discuss the results of this experiment. When the stirring frequency is below a threshold frequency Ω th depending on the stirring ellipticity, no modification of the condensate is observed. Just above this critical frequency (within 1 or 2 Hz), a density dip appears at the center of the cloud, with a reduction of the optical thickness at this location which reaches 50% ( fig. 3 ).
When we stir the condensate at a frequency higher than Ω th , more vortices are nucleated ( fig. 4) . The maximum number of vortices generated in this experiment depends on the transverse oscillation frequencyω ⊥ . For a relatively tight trap (ω ⊥ /2π = 225 Hz), we have observed up to 4 vortices [14] . When we used a less confining trap (ω ⊥ /2π ∼ 100 Hz), we obtained configurations where more vortices were present [15] . In fig. 4 we show images of vortex lattices generated in a trap withω ⊥ /2π = 103 Hz, where we obtained configurations with up to 14 clearly visible vortices.
The existence of regular vortex lattices is a consequence of the balance between the repulsive interaction between two vortex lines and the restoring force that acts on a vortex line centering it on the condensate (see fig. 3 ). Although the lowest energy configuration is a triangular lattice, the square pattern is only slightly higher in energy and is sometimes observed (see fig. 4 ) [27, 2] .
In the large vortex number limit, the density of vortices can be deduced from the correspondence principle. In this limit, the coarse grain average (on a scale larger than the distance between two vortices) of the quantum velocity field should be the same as that for classical, rigid-body rotation v = Ω × r [19] .
In order to recover this linear variation of the velocity field with r, the distance from the rotation axis, the surface density of vortices ρ v must be uniform. The circulation of the velocity field v · dr on a circle of radius R centered on the condensate is then N (R) h/M, where N (R) = ρ v πR 2 is the number of vortices contained in the circle (see eq. (3)). This is equivalent to the rigid body circulation 2πR
2 Ω if
Consider for instance the vortex lattice shown in fig. 5 , which contains N = 12 visible vortices. The circle drawn on the edge of the condensate has a radius 80 µm after the time-of-flight expansion, i.e. R = 5 µm before expansion (using the expansion factor given above 1 + ω 2 ⊥ T 2 ). The stirring frequency in this experiment was Ω/2π = 77 Hz, which yields the ratio between the average velocitȳ v on the circle and the velocity v r corresponding rigid body rotation:
This shows that the coarse grain average velocity field of the condensate shown in fig. 5 is close that of a rigid body rotating at the stirring frequency Ω.
Vortex nucleation versus stirring intensity and geometry
After this qualitative observation of vortex nucleation and lattice structure, we turn to a more quantitative observation of vortex nucleation provided by the measurement of the angular momentum per particle in a condensate with vortices. For this purpose we employ a theoretical result derived by F. Zambelli and S. Stringari [28] . These authors have studied the two transverse quadrupole modes of a cylindrically symmetric condensate, corresponding respectively to excitations with angular momentum m = 2 and m = −2. Because of symmetry for a condensate at rest, these two modes have the same frequency. However, for a condensate with a net circulation, the degeneracy is lifted, and the frequency difference between the two modes is related to the average angular momentum per particle L z and to the transverse size of the condensate r 2 ⊥ :
The measurement of the difference ω + − ω − is performed by looking at the transverse quadrupolar oscillation of the condensate which is produced by a superposition of both the m = 2 and m = −2 excitations [17, ?] . In the absence of vortices ω + = ω − and the oscillation occurs along fixed axes. However, if ω + and ω − differ, the axes of the quadrupolar oscillation precess, and the precession frequency isθ = (ω + − ω − )/4.
To study the angular momentum L z of the condensate, we first stir it with the rotating laser potential. We then excite the transverse quadrupolar oscillation using again the dipole potential created by the stirring laser but now with a fixed basis (x, y = X, Y ). This potential is applied to the atoms for a duration of 0.3 ms, which is short compared to the quadrupolar oscillation period 2π/ω QP (ω QP = √ 2 ω ⊥ ). We then let the atomic cloud oscillate freely in the pure magnetic trap for an adjustable period τ , between 0 and 8 ms, after which we perform the time-of-flight + absorption imaging sequence. A typical result is shown in fig. 6 . It displays three images taken 1, 3 and 5 ms after the quadrupolar excitation of a condensate with a vortex present. The precession of the quadrupolar axes is clearly visible and has an angular velocityθ = 5.9 degrees/ms. For this set of pictures, the transverse trapping frequency is 172 Hz and the in situ transverse size of the condensate (inferred from the size measured after time-of-flight and the expansion factor (1 + ω
1/2 = 2.0 µm. Fromθ and r
2
⊥ we deduce the value L z = 1.2 (±0.1)h from the data shown in fig. 6 . A similar observation has also been made in Boulder [29] . This measurement is analogous to the experiment performed with superfluid liquid helium by Vinen in which he detected a single quantum of circulation in rotating He II by measuring the frequencies of two opposing circular vibrational modes of a thin wire placed at the center of the rotating fluid [30] .
We have repeated this angular momentum measurement for various stirring frequencies and ellipticities, and the results for two intensities are shown in fig. 7 . Both plots display a region where vortices are nucleated, and the more intense the stirring anisotropy the wider is this region. For very small stirring intensities, this region has a width of only a few Hz, and it is centered on a stirring frequency 2π × 125 Hz. This corresponds to the situation where the time-dependent perturbation in the lab frame oscillating at frequency 2Ω (see Eq. (8)) is resonant with the quadrupole mode at frequency ω QP . In other words, the resonance observed for very low stirring intensities occurs when Ω is close to the quadrupolar rotational resonance ω QP /2, which is equal to √ 2ω ⊥ /2 ≃ 2π × 122 Hz in the Thomas Fermi limit [31] . This coincidence and the observation of very strong BEC ellipticities during the first tens of milliseconds of stirring indicates that the mechanism for vortex nucleation involves the resonant excitation of the rotating quadrupole mode [32] . The details of how the rotating quadrupole mode leads to the nucleation of vortices after its excitation by the rotating potential is beyond the scope of this paper, and they are discussed in [33] .
We note here that the percussive measurement of L z is performed 200 ms after the stirring anisotropy is switched off. This delay is (i) short compared to the vortex lifetime [14] and (ii) long compared to the measured relaxation time (∼ 25 ms) of the aforementioned ellipticity of the condensate excited by the stirring. Therefore a nonzero value of L z is a clear signature of vortex nucleation. The role of the resonant excitation of the transverse quadrupole mode in vortex nucleation suggests the possibility that vortices might be created by exciting transverse collective modes of higher angular momenta, m, at their resonant rotational frequencies Ω m ≃ω ⊥ / √ m [31, 32, 34, 16] . In order to investigate this possibility, the stirring potential must include non-negligible terms of higher order in X and Y . Although the two-beam stirring potential whose dominant term is given in Eq. 5 contains in principle all even orders, their magnitude is too small in practice to be relevant for m ≥ 4. Using a single-beam stirring potential (i.e. suppressing the toggling motion) the odd terms are no longer canceled. To leading order, the resulting potential then contains the same quadratic term as before (Eq. 5) as well as a linear and cubic term. Although the linear term can directly excite the center of mass motion of the condensate, a time dependent displacement of the center of a harmonic trap produces only a movement of the center of mass of the wavefunction and no deformation even in the presence of interactions [35] . The presence of the cubic term, however, allows for the resonant excitation of the rotating hexapole mode (m = 3) at a frequency ofω ⊥ / √ 3 ≃ 0.58ω ⊥ . fig. 8 shows the results of an angular momentum measurement for various stirring frequencies with both a two beam and single beam stirring scheme whereω ⊥ /2π = 100 Hz. In the case of the single stirring beam, the nucleation band includes the quadrupolar resonance centered at 71 Hz and extends beyond this down to 45 Hz including the hexapole resonance at 58 Hz.
The vortex nucleation peak near 35 Hz present on the two curves of fig. 8 is due to the difference of the diffraction efficiencies of the two acousto-optic deflectors controlling the the stirring beam position. This slight difference of efficiency creates a small modulation of the intensity of the stirring potential at twice the stirring frequency. This intensity modulation therefore modulates the transverse trap frequency at 70 Hz, and this modulation can excite parametrically the quadrupolar resonance. We indeed observe in this case the excitation of the rotating quadrupole mode and its subsequent decay into vortex states as before. We emphasize that nucleation at this low frequency is not relevant in the usual study of vortex nucleation, since in the rotating frame the potential is no longer stationary: actually it is not stationary in any frame!
Conclusions
In conclusion we report on a rotating bucket experiment performed with a gaseous condensate. We observe (i) that there exists a frequency band in which vortices can be nucleated; (ii) that for a quadratic rotating perturbation this band is centered on a critical frequency Ω c identified with the rotating quadrupole mode; (iii) that the width of this band can be significantly increased by changing the stirring beam potential to excite surface excitations of higher order, and (iv) that multiple vortices can be nucleated and will arrange themselves into regular Abrikosov lattices for which, in the large quantum number limit, the velocity field approaches that for classical, rigid body rotation. The results presented here demonstrate that the nucleation of vortices in the case of a harmonically trapped BEC is related to the resonant (dynamical) excitation of the rotating quadrupole mode and its subsequent decay into a vortex state. This nucleation mechanism is different from the scenarii expected from previous theoretical work which concentrated on the study of thermodynamical instabilities. Indeed one predicts in this case a critical nucleation frequency much lower than what is observed, and a nucleation region extending toω ⊥ [36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47] .
The dynamical instability of the condensate in presence of a small rotating anisotropy has been studied by numerically integrating the zero temperature Gross-Pitaevski equation and found to produce states with nonzero angular momentum [48, 49] . We have recently studied this issue experimentally and clarified the excitation and decay routes of the rotating quadrupole mode which lead to vortex nucleation [33] . We now plan to pursue a detailed investigation of the possible bending of vortex lines [50] and of the decay of vortices, which is relevant to the physics of rotating neutron stars [51, 52] . In the latter case, because the potential contains terms of order three in X and Y , the nucleation range increases due to the hexapolar resonance located at 58 Hz. The nucleation peak near 35 Hz which occurs for both stirring potentials corresponds to a rotating quadrupolar resonance excited by an (unintentional) intensity modulation of the stirring potential at twice the stirring frequency (see text).
